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Abstract This work simulates the turbulent boundary layer of an incompressible viscous swirling flow
through a conical chamber. To model the pressure gradient normal to the wall, the radial and tangential
velocity components across the boundary layer have been calculated by both the integral and numerical
methods. The numerical solution is accomplished by finite difference, based on the finite volumemethod.
The results show that the radial and tangential boundary layer thicknesses depend on the velocity ratios,
Reynolds number and nozzle angle. The peak of radial and tangential boundary layer thicknesses are
located at z/L ≈ 0.2 and z/L ≈ 0.8 from the nozzle inlet, respectively. Due to the short length of the
nozzle, the contribution of momentum change on pressure loss is more significant than that on the shear
stress. Also, the pressure gradient normal to the wall had been considered more accurately than that of
the previous attempts.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Investigation of swirling flow is an important topic in
the study of pressure-swirl injectors, industrial hydrocyclones
and swirl chamber burners. Taylor [1] was a pioneer in
the study of boundary layer swirling flow. He applied the
Pohlhausen method to study boundary layer growth in the
conical coordinate, especially in pressure-swirl injectors. He
determined radial and tangential velocity distribution across
the boundary layer, and growth of the boundary layer thickness
along the nozzle, for laminar flows.
Binnie and Harris [2] investigated the swirling boundary
layer before formation of an air core in the nozzle axis. They
found that the effect of surface tension in the nozzle core was
negligible, compared to other forces. Weber [3] introduced a
universal function for turbulent shear stress on the wall, and
extended Taylor’s attempts to the turbulent boundary layer.
Kreith and Sonju [4] presented a linearized theory for the
∗ Corresponding author.
E-mail address: nouri@sharif.edu (A. Nouri-Borujerdi).
1026-3098© 2012 Sharif University of Technology. Production and hosting by
doi:10.1016/j.scient.2012.01.006
Elsevier B.V.
Peer review under responsibility of Sharif University of Technology.
Open access under CC BY-NC-ND license.average decay of turbulent swirling flow through a pipe. They
examined the flow in the range of 104 < Re < 105 and
showed that swirling decay is more considering in the low
Reynolds numbers. Moreover, the swirl intensity decreases
with higher gradient in the entrance region of the pipe. Kiya
et al. [5] applied a finite difference method invented by Leigh
and Terril to investigate the laminar boundary layer swirling
flow in the entrance region of a circular pipe. They reported
swirling decay is faster than an exponential trend near the
inlet. Back [6] used a numerical method to solve a self-similar
boundary layer equation of swirling flow. He found that heat
transfer in a convergent nozzle increases with swirling flow
increment. Yajnik and Subbaiah [7] considered the swirl effects
on turbulent flow with a similarity solution. They admitted the
similarity of velocity behavior for sufficiently large Reynolds
numbers, provided that reversal flow does not occur in the
solution zone. Fabian and Oates [8] described the boundary
layer inside the cone of a swirling flow. Their solutionwas based
upon the Karman–Pohlhausen method for both laminar and
turbulent flows. Their results were in close agreement with the
known solutions previously obtained in the limits of swirling
flow without axial component or axial flow without swirling
flow. Bloor and Ingham [9] applied the Pohlhausen method
utilized by Taylor to model the three-dimensional boundary
layer equation involving a swirling flow. Singh et al. [10] used
the asymptotic expansion method to investigate axisymmetric
swirling flows for incompressible laminar viscous fluids in the
entrance region of a pipe. They divided the swirling flow into
three regions, and investigated each zone behavior separately.
Kumari and Nath [11] applied the finite difference method to
study the pressure drop and the heat transfer in the laminar
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Nomenclature
A surface area, m2.
Cf friction coefficient.
Re Reynolds number, R1uri/ν
D nozzle diameter, m.
S swirl number, swirling momentum fluxaxial momentum flux
L nozzle length, m
u velocity, m/s
p pressure, atm.
V velocity vector
n unit vector normal to surface
∀ volume, m3.
R Radius of nozzle cross section, m
y normal to the wall, m
Greek symbol
δ boundary layers thickness, m
θo nozzle angle
µ dynamic viscosity, kg/m.s.
ρ Density, kg/m3
ν kinematic viscosity, m2/s
τ shear stress, atm.
Subscripts
i inlet
r r-direction
o Outlet
φ φ-direction
c Core
θ θ-direction
boundary layer of the swirling flows. Their results illustrated
a dominant proportion of the skin friction was longitudinal
rather than tangential. They also predicted the distribution
of the axial and tangential velocities near the wall. Kumari
and Nath [12] also extended their implicit finite difference
method to study heat andmass transfer in the unsteady laminar
boundary layer of swirling flows. Their results illustrated that
the swirl velocity at the edge of the boundary layer is a non
free vortex type in contrast to a steady circular motion. In
addition, the longitudinal and swirl velocities at the edge of the
boundary layer vary inversely as a linear function of time. The
skin-friction and heat transfer are strongly affected by the swirl
velocity, mass transfer, and Prandtl number. Padmanabhan [13]
employed the similarity solution to investigate a laminar blood
flow in the cardiovascular system involving the inlet tangential
velocity component and consequently swirling velocity. He
determined the distribution of the shear stress in the aorta.
Bhattacharyya [14,15] continued Taylor andWeber attempts
with another turbulent velocity profile. He considered the
effect of Reynolds number through a convergent nozzle, and
employed the 1/10th power law, rather than the 1/7th power
law in his study. Akiyama and Ikeda [16] investigated the
turbulent boundary layer of a swirling flow in a pipe. They
used the turbulent shear stress on the wall defined by Weber,
but with different axial and tangential velocities distribution.
Also, they studied analytically the behavior of the tangential
velocity decay along the pipe to justify their experimental data.Figure 1: Schematic diagram of flow geometry through a convergent nozzle
Najafi et al. [17] applied the forced vortex flow in the core of
a pipe flow to integrate the boundary layer equations. They
presented the skin friction coefficient and the boundary layer
growth along the pipe and justified their practical attempts.
Concha [18] reviewed different mathematical techniques, such
as asymptotic expansions, similarity solutions and boundary
layer flows, to study hydrocyclone behavior. He applied
different boundary conditions with various geometries to find
three components of velocity vector and pressure distribution
along industrial hydrocyclones.
The aim of this work is to determine swirling decay and
pressure loss across the turbulent boundary layer through
a conical swirling chamber. Most previous work has either
neglected the pressure gradient or focused on a laminar flow.
To model the radial and tangential velocity components across
the boundary layer, a 1/7th power law profile is applied.
In addition, a free vortex and a uniform velocity profile are
applied for the radial and tangential velocity components,
respectively. After integrating the turbulent boundary layer
equations, two differential equations can be constituted to
determine the boundary layer thickness, pressure loss and
swirling decay. This method is very useful for modeling
the turbulent boundary layer flow in swirling separators
and pressure swirling atomizers. To validate the results, the
governing equations have also been solved numerically for an
especial case of flow parameters.
2. Governing equations
Using the boundary layer approximations for an axi-
symmetric convergent nozzle, i.e. uθ ≪ ur , uφ , ∂()/∂φ = 0 and
∂2/∂r2 ≪ ∂2/∂θ2, the continuity and Navier–Stokes equations
in r-, φ- and θ-directions of a spherical coordinate system can
be simplified, respectively, as follows (Figure 1):
∂ur r2
∂r
+ r ∂uθ
∂θ
= 0, (1)
ur
∂ur
∂r
+ uθ
r
∂ur
∂θ
− u
2
φ
r
= − 1
ρ
∂p
∂r
+ 1
r sin θ
∂
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sin θ
r
∂ur
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
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The boundary conditions of the governing equations are as
follows:
ur(r, θo) = 0, ur

r, θo − δrr

= urc,
uφ(r, θo) = 0, uφ

r, θo − δφr

= uφc,
ur(ri, θ) = uri, uφ(ri, θ) = uφi,
p

r, θo − δmaxr

= pδmax , p(ri, θo) = pi,
uθ (r, θo) = 0. (5)
3. Solution procedure
3.1. Integral method
To integrate the above equations, the following 1/7th power
law velocity distribution is used for the turbulent viscous flow
in r- and φ-directions, respectively:
ur
urc
=

y
δr
 1
7
, (6)
uφ
uφc
=

y
δφ
 1
7
, (7)
where y = r(θo − θ) is measured inward and normal to the
r-direction. urc is the radial core velocity outside the boundary
layer, and is calculated by a mass balance equation across the
nozzle cross section as:
m˙
ρ
=
 2π
0
 θ0−δr /r
0
urcr2 sin θdθdφ
+
 2π
0
 θ0
θ0−δr /r
ur r2 sin θdθdφ, (8)
where:
m˙ = 2πρurir2i (1− cos θo).
Introducing Eq. (6) into Eq. (8) and replacing sin θ by sin θo in the
second integrand for a small value of δr , the radial core velocity
is obtained as:
urc
uri
=

1+ δr
8r cot θo/2

r2i
r2
. (9)
Because of the potential flow outside the boundary layer in the
φ-direction, the tangential core velocity can be obtained by the
free vortex motion as:
uφcr sin θ = uφiri sin θo. (10)
Inserting Eqs. (6), (7), (9) and (10) into Eq. (8) and integrating
the result across the boundary layer, the pressure distribution
will be:
p = pδmax +
 θ
θ0−δφ/r
u2φ cot θodθ if δφ > δr , (11a)
p = pδmax + u2φc cot θ0

θ −

θ0 − δrr

,θ0 − δrr < θ < θ0 −
δφ
r
, if δφ < δr , (11b)
p = pδmax +
u2φc cot θ0(δr − δφ)
r
+
 θ
θ0−δφ/r
u2φ cot θ0dθ,
θ0 − δφr < θ < θ0, if δφ < δr , (11c)
where pδmax is the pressure at the edge of the boundary layer,
and can be calculated by the Bernoulli equation.
To calculate the boundary layer thickness, δr , Eq. (6) is
integrated across the θ-direction as:
If δφ > δr θo
θo−δr /r

∂u2r
∂r
+ 2u
2
r − u2φ
r

dθ − urcuθc
r

θo−δr /r
=
 θo
θo−δr /r
− ∂p
ρ∂r
dθ − τrθ
ρr
. (12a)
If δφ < δr θo
θo−δr /r
∂u2r
∂r
dθ − urcuθc
r

θo−δr /r
+
 θo−δφ/r
θo−δr /r
2u2r − u2φc
r
dθ
+
 θo
θo−δφ/r
2u2r − u2φ
r
dθ
=
 θo
θo−δr /r
− ∂p
ρ∂r
dθ − τrθ
ρr
. (12b)
The same procedure can be applied to Eq. (7) for calculation of
the boundary layer thickness, δφ , as:
If δφ > δr θo
θo−δφ/r
∂uruφ
∂r
dθ − uφcuθc
r

θo−δφ/r
+ 3
 θo
θo−δφ/r
uruφ
r
dθ = −τφθ
ρr
. (13a)
If δφ < δr θo−δr /r
θo−δφ/r
∂urcuφ
∂r
dθ +
 θo
θo−δr /r
∂uruφ
∂r
dθ
− uφcuθc
r

θo−δφ/r
+ 3
 θo−δr /r
θo−δφ/r
uruφ
r
dθ
= −τφθ
ρr
. (13b)
Utilizing the dimensional analysis, the shear velocities are
assumed to be proportional to their respective velocity
components as:
τrθ
τ
= ur
u2r + u2φ
, (14a)
τφθ
τ
= uφ
u2r + u2φ
. (14b)
Also, the shear stress is assumed by the correlation of theWeber
data [2] as:
τ = 0.0225ρ(u2r + u2φ)
7
8

ν
y
 1
4
. (15)
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and solving the result simultaneously by the fourth order
Runge–Kutta method, one is able to determine the two
unknowns variables, δr and δφ , under the following boundary
conditions:
δr(ri, θ) = 0, δφ(ri, θ) = 0. (16)
3.2. Numerical method
To validate the results, the governing equations have also
been solved numerically for an especial value of the nozzle
angle, Reynolds number and inlet velocity ratio. The numerical
solution is accomplished by finite difference, based on the finite
volume method. To discretize the governing equations, the
general form of the integral conservation laws are written for
a discrete volume as follows:
A
φρV⃗ .nˆdA =

A
µ∇⃗φ.nˆdA+

∀
SPd∀, (17)
where φ = (ur , uθ , uz) is the vector velocity. ∀ is the volume of
a cell in the computational domain with surface A. Sp includes
centrifugal force and Coriolis force in the r- and θ-direction
equations, respectively.
If Eq. (17) is replaced by the discrete form:
sides
φρV⃗ .nˆA =

sides
µ∇⃗φ.nˆA+ SP∀, (18)
where the sum of the terms refers to all the external sides of the
control cell.
To prove themesh independency, threemesh sizes 50×120,
70 × 180 and 100 × 220 are used. The collocated mesh is
used to store the velocity and pressure fields. On each cell face,
the velocity component is obtained by the first order upwind
scheme with the Rhie–Chaw interpolation to avoid undesired
fluctuations in the pressure field. The modified pressure and
velocity components are computed by a SIMPLE algorithm, and
the discretized governing equations are solved simultaneously
by the relaxation Gauss–Seidel iteration method.
4. Results and discussion
Consider an incompressible turbulent viscous flow with a
rotational and axial motion in a convergent nozzle for the inlet
radius, Ri = 3.5 mm and outlet radius, Ro = 1.17 mm
(Figure 1). To validate the results, the boundary layer equations
have been solved by both integral and numerical methods. The
numerical method is based on the control volume method for
a nozzle angle, θo = 15°, Reynolds number, Re = Riuri/ν =
5 × 104 and an inlet velocity ratio, uφi/uri = 0.4. Figure 2
exhibits the mesh configuration of the half flow computational
domain in the nozzle. The axisymmetric computational domain
is divided into 70 × 180 small elements, and the convergence
of the solution is achieved when the numerical error is less
than E < 10−5. The results of these two techniques are
compared in Figures 3 and 4 for the skin friction coefficient and
swirl number along the nozzle, respectively. Comparison of the
results shows a good agreement between them. The quantity
of (r − ro)/(ri − ro) on the x-axis indicates some percentage
of the nozzle length. ri and ro are, respectively, the inlet and
outlet radii of the nozzle. Figure 5 illustrates the normalized
radial boundary layer thickness of a steady state incompressible
viscous flow for Re = 5 × 103, uφi/uri = 2.5 and θo = 30°.
The figure includes the results of the present work, as well asFigure 2: Mesh configuration of the computational domain
Figure 3: Friction coefficient along the nozzle wall
Figure 4: Swirl number along the nozzle wall
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the results of Najafi et al. [17], using Taylor’s assumption for the
pressure distribution in their integral method. Najafi utilized a
uniform profile for the tangential velocity to calculate pressure
distribution across the boundary layer as:
p = pδmax + u2φc cot θ0

θ −

θ0 − δrr

. (19)
The results of these two approaches are exactly the same,
except for a small region near the peak. The second difference is
that Najafi’s solution fails at large inlet velocity ratios, while the
present model can solve the boundary layer equations under
large inlet velocity ratios. These differences originate frommore
applied centrifugal force in the solution.
Figure 6(a) illustrates, again, the radial boundary layer
thickness for nozzle angle, θ = 40°, inlet velocity ratio,
uφi/uri = 1.25, and some Reynolds numbers in the range of
103 < Re < 5× 103. The boundary layer thickness starts from
zero at the nozzle inlet and reaches a maximum value at 20%
of the nozzle length. Then, it decreases gradually towards the
nozzle outlet. The reason is that the radial velocity increases
proportionally to the inverse of the nozzle radius, due to the
mass continuity. In a similar manner, Figure 6(b) depicts the
dimensionless radial boundary layer thickness based on thelocal nozzle radius. The first section of the graph remains nearly
constant for Re > 3 × 103 and then goes to zero gradually at
the nozzle inlet. Figure 7(a) reports the radial boundary layer
thickness at θo = 40°, Re = 3 × 103, and some inlet velocity
ratios in the range of uφi/uri < 2.5. The ordinate axis has been
dimensionless by the radius of the nozzle inlet cross section.
It is interesting to note that for uφi/uri < 1.65 the boundary
layer thickness is a linear function of the nozzle length, but for
uφi/uri > 1.65, it is a nonlinear function. Figure 7(b) is plotted
in a similar manner to Figure 7(a), except for the ordinate axis,
which has been dimensionless by the radius of the local cross
section. The first part of the graph is flat, but after uφi/uri >
1.65, the thickness reaches a minimum value at the middle of
thenozzle length, because the centrifugal force causes the radial
boundary layer be fatted. Figure 8(a) represents the ratio of the
tangential boundary layer thickness to the radius of the nozzle
inlet cross section for Re = 3 × 103, θo = 40° and some
inlet velocity ratios in the range of 1 ≤ uφi/uri ≤ 2.5. The
tangential boundary layer thickness reaches a maximum value
at a distance of 80% from the inlet. In the second part, i.e. from
the nozzle inlet up to themaximumpoint, themean value of the
tangential boundary layer thickness is smaller than that of the
first part. It means that the maximum tangential shear stress
occurs near the nozzle inlet. Figure 8(b) is similar to Figure 8(a),
except for the normalization parameter, which is the radius of
the local cross section. The trend of this figure indicates that the
tangential boundary layer thickness is almost a linear function
of the nozzle length, and changes are not significant relative
to the velocity ratio. Figure 9 plots the normalized pressure
distribution, (pave − po)/(pi − po), against (r − ro)/(ri − ro)
for Re = 3 × 103, θo = 40° and some velocity ratios in
the range of uφi/uri ≤ 1.65. The trend of the normalized
pressure distribution is different for swirling flow and non-
swirling flow. The pressure loss is 63 atm across the nozzle
for uφi/uri = 1.65. Near the outlet region, the rate of change
of the pressure loss is much higher than that of the inlet one.
Since the nozzle length is very short, the contribution of the skin
friction is insignificant and the highest contribution belongs to
the change of momentum forces. On the other hand, when the
velocity ratio goes to zero, the pressure loss of the nozzle is very
small. Consequently, the rate of momentum change is caused
by the r-component and becomes very small compared to the
case wherein the velocity ratio is large. In this case, the rate
of momentum change is caused by both r-and φ-components.Figure 6: Radial boundary layer thickness for different nozzle angles
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under the previous conditions and some velocity ratios in the
range of uφi/uri ≤ 2.5. According to the previous discussion,
the frictional force and momentum changes in the r-direction
have small effects on thepressure loss. Therefore, the changes of
the friction coefficient are mainly due to the rotational motion
effects. Figure 11(a)–(c) predict the deviation of the real swirl
number to the ideal one against the r-direction for some nozzle
angles in the range of 20°θo < 60°, Reynolds number, 103 <
Re < 5× 103 and the inlet velocity ratios of 1 < uφi/uri < 2.5,
respectively. The ideal swirl number is defined for a potential
flow in which the radial velocity is uniform and the tangential
velocity is free vortex. The swirl number across the nozzle cross
section is defined by the ratio of the axial component of the
angular velocity momentum to the radial velocity momentum
about the z-axis, as follows.
S =
 R
0 (ur cos θ)uφr sin θdA
r sin θ0
 R
0 u
2
r cos θdA
, (20)
where dA = r2 cos θ20 tan θdθ/ cos θ .
In Figure 11, the ratio of the real flow swirl number to
the potential flow swirl number is nearly one. This smallFigure 9: Pressure distribution along the nozzle wall
deviation is due to the small contribution of the shear stress.
The shear stress depends inversely on the minimum boundary
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layer thickness. According to Figures 6–8, the radial boundary
layer thickness is much less than the tangential one in each
cross-section and it decreases with increasing the nozzle angle,Reynolds number and inlet velocities ratio. So, the swirl number
deviation increaseswith increasing these three variables, due to
the shear stress.
5. Conclusions
In this paper, an analytical solution was proposed on the
turbulent boundary layer of a swirling flow, to determine
swirling decay and pressure loss through a conical chamber.
To model the radial and tangential velocity components across
the boundary layer, the equations were solved by both the
integral and numerical methods. The results show that the
radial and tangential boundary layer thicknesses depend on
the ratio of uφi/uri Reynolds number and nozzle angle. The
peaks of the radial and tangential boundary layer thicknesses
are located at about z/L ≈ 0.2 and z/L ≈ 0.8 from the
nozzle inlet, respectively. Due to centrifugal forces, the ratio
of uφi/uri decreases the radial boundary layer thickness. The
pressure gradient normal to the wall has been consideredmore
accurately than that of the previous attempts. In addition, the
contribution of shear stress is not significant on pressure loss,
because of the short length of the nozzle.Figure 11: Swirl number deviation from potential flow along the nozzle
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